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Physics-informed neural networks (PINNs) recast the solution of partial dif-
ferential equations as the minimisation of a composite residual loss. Training such
models is notoriously difficult: the stochastic gradients obtained from randomly
sampled collocation points exhibit a variance that grows with the stiffness of the
underlying operator, and adaptive first-order methods therefore stall far from any
stationary point. We propose VR-Adapt, an optimizer that couples a snapshot-
based variance-reduction correction with a diagonal adaptive preconditioner whose
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scaling is driven by the residual imbalance between loss terms. We establish a
non-asymptotic convergence rate of &'(1/ VK ) to a stationary point for smooth
non-convex objectives under bounded-variance assumptions, and show that the

constant degrades only logarithmically with the condition number of the differ-
2020 MSC

ential operator. On four canonical benchmarks — viscous Burgers, Allen—Cahn,
65K05 - 68T07 - 90C26

Helmbholtz, and two-dimensional Navier—Stokes — VR-Adapt reduces the relative
L, error by a factor of three to five compared with Adam at an equal wall-clock
budget. An open-source reference implementation is provided.

1. Introduction

Scientific machine learning sits at the intersection of numerical analysis and statistical learning, and its central
computational primitive is optimization. When a differential operator is embedded in the training objective, as
in physics-informed neural networks (PINNSs) [1, 2], the resulting problem inherits the ill-conditioning of the
operator while retaining the non-convexity of the network parameterisation. Practitioners routinely observe that
adaptive first-order methods make rapid initial progress and then stagnate several orders of magnitude above the
accuracy attainable by classical solvers [3].

Two mechanisms are usually held responsible. The first is gradient noise: collocation points are resampled at
every iteration, and the variance of the resulting estimator scales with the magnitude of high-order derivatives
appearing in the residual [4]. The second is loss imbalance: the residual, boundary, and initial-condition terms
are summed with fixed weights, so a single term can dominate the descent direction throughout training. Existing
remedies address these mechanisms in isolation — variance reduction on the one hand [5, 6], adaptive weighting
on the other [7] — and the interaction between them has received little attention.

This paper argues that the two mechanisms should be treated jointly. We introduce VR-Adapt, which applies
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a snapshot correction of the SVRG type inside an adaptive preconditioned update whose loss weights are
re-estimated from residual statistics. The correction removes the sampling noise that would otherwise corrupt the
second-moment estimate, and the resulting preconditioner is stable enough to admit a convergence guarantee.

1.1. Contributions

The contributions of this work are the following.

(i) A new optimizer, VR-Adapt, that couples snapshot variance reduction with residual-driven adaptive
weighting at a per-iteration cost comparable to Adam.

(ii) A non-asymptotic convergence analysis for smooth non-convex objectives, giving an &'(1/+/K) rate whose
constant depends only logarithmically on the operator condition number (Theorem 1).

(iii)) An empirical study on four canonical benchmarks, together with an ablation isolating the contribution of
each component and a publicly available reference implementation.

1.2. Notation and organisation

Throughout, || - || denotes the Euclidean norm on R, ® and @ denote element-wise multiplication and division,
and [E[] is the expectation with respect to the sampling of collocation points. The parameter vector is 8 € R?
and the objective is F : RY — R. Section 2 reviews related work, Section 3 states the problem and the standing
assumptions, Section 4 develops the method, Section 5 reports the numerical experiments, and Section 6 discusses
limitations and directions for further work. Proofs omitted from the main text are collected in Appendix A.

2. Related Work

Adaptive first-order methods. AdaGrad [8] introduced per-coordinate step sizes derived from accumulated
squared gradients; Adam [9] replaced the accumulation by an exponential moving average and remains the
default choice in scientific machine learning. The convergence analysis of Adam was later shown to be flawed
for a class of online problems, and corrected variants were proposed [10]. None of these methods exploits the
finite-sum structure that arises when the collocation set is fixed between resampling events.

Variance reduction. SVRG [5] and SAGA [6] attain linear rates on strongly convex finite sums by correcting
the stochastic gradient with a stored snapshot. Their behaviour in the non-convex deep-learning regime is
more delicate, and their combination with adaptive preconditioners has largely been treated as heuristic. A
comprehensive account of stochastic methods for large-scale learning is given in Bottou et al. [11].

Training of PINNs. Gradient pathologies specific to physics-informed losses were characterised in Wang
et al. [4], and self-adaptive weighting schemes were proposed in McClenny and Braga-Neto [7]. Failure modes
attributable to the loss landscape rather than to the optimizer were catalogued in Krishnapriyan et al. [3]. Software
support is provided by DeepXDE [12]. Our contribution is complementary: we keep the architecture and the
sampling strategy fixed and modify only the optimizer.

3. Problem Formulation

Let Q C R" be a bounded domain with boundary dQ and let .4~ denote a differential operator. We seek u: Q — R
satisfying .4 [u](x) = f(x) on Q subject to boundary and initial conditions. A neural surrogate ug is trained by
minimising the composite objective

FL(0) = 4:2:(0) + 4,2,(0) + A-Z0(6), M
where the residual term is an empirical average over N, interior collocation points,

2

£,(0) = i%{mue](xo—f(xi) , )
N, &

© 2026 The Author(s). Published by JCoSML. Open access under CC BY 4.0. 2



JCOoSML - Journal of Computational Optimization and Scientific Machine Learning 1(1) 2026, 1-18

and .%,, % are defined analogously on the boundary and initial data. We write F for F) when the weights
are clear from context. The following standing assumptions are used in the analysis; they are standard in the
non-convex stochastic optimization literature [11].

Assumption 1 (Smoothness). The objective F is continuously differentiable and its gradient is L-Lipschitz,
that is |VF (x) — VF (y)|| < L||x —y|| for all x,y € R?.

Assumption 2 (Bounded variance). For every 0 the stochastic gradient estimator g satisfies E[g] = VF(0)
and E||g — VF(0)|]> < 62, with 6% < oo,

Assumption 3 (Bounded preconditioner). There exist constants 0 < cmin < Cmax < ©° such that every diagonal
preconditioner Hy generated by the algorithm satisfies ciinl = Hy = Cmax/.

Assumption 3 is enforced in practice by the damping parameter € introduced in Algorithm 1, so it is not
restrictive.

4. The VR-Adapt Method

4.1. Corrected gradient estimator

At the beginning of every outer epoch s the algorithm evaluates a full-batch snapshot gradient p; = VF(6;) on a
freshly drawn collocation set. Inner iterates then use the corrected estimator

8k = Vflk(Wk) - Vflk(es) + Us, (3)

which is unbiased and whose variance contracts as wy approaches 6;. Substituting (3) into the second-moment
recursion of an adaptive method is the key step: because the correction removes most of the sampling noise,
the accumulated statistics reflect curvature rather than variance, and the effective step sizes stop shrinking
prematurely.

4.2. Residual-driven weight rebalancing

The weights A,, A4, A are updated every inner iteration so that the expected contribution of each term to the
corrected gradient norm is equalised. Writing r, for the running mean of ||V (0)|| over the preceding window,
the rule is 4, <— (¥;r;)/(3r), clipped to a fixed interval to avoid degenerate scalings. The complete procedure
is summarised in Algorithm 1.

Algorithm 1: VR-Adapt: variance-reduced adaptive training of PINNs

Input: initial parameters 6, € R¢, epoch length m, base step size ) > 0, decay 8 € (0,1), damping € > 0
Output: O
1 fors=0,1,...,S—1do
Draw a fresh collocation batch and compute the snapshot gradient u; = VF(6;);
wo < 6y;
fork=0,1,...,m—1do
Sample an index set I uniformly at random without replacement;
Form the corrected gradient g, via (3);
Vi = Byic1 + (1= B) gk © 8k
Rebalance A,,A;, Ao using the residual statistics of Section 4.2;
Wit < wp =N g @ (Vi +€);
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4.3. Convergence analysis
Theorem 1 (Convergence rate). Let Assumptions 1-3 hold and let the step size be 1 = c/v/K with ¢ > 0

independent of K. Then the iterates produced by Algorithm 1 satisfy

2 max (F(60) — ) + Lc*o?

Cmin \/I? ’

1 K—-1 )
% L E[VF(@)|" < @)
k=0
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where F, = infF > —oo. In particular, K = O (8*2) iterations suffice to reach an g-stationary point.

Proof sketch. The descent lemma applied to the preconditioned update yields a per-iteration decrease controlled
by cmin and cmax. Assumption 2 together with the contraction property of the estimator (3) bounds the residual
term by Lc>6?/K. Telescoping over k and dividing by K gives the claim; the full argument is given in
Appendix A. O

5. Numerical Experiments

5.1. Experimental setting

All experiments use a fully connected network with six hidden layers of 128 units and tanh activations, initialised
with the Glorot scheme. Interior collocation points are resampled every 100 iterations, with N, = 10000 for the
one-dimensional problems and N, = 40000 for the two-dimensional Navier—Stokes case. Baselines are Adam
[9], L-BFGS [13], and a direct SVRG adaptation [5]. Every configuration is repeated over five random seeds;
reported values are medians and the wall-clock budget is identical across methods. Experiments were run on a
single NVIDIA A100 GPU.

5.2. Results

Table 1. Relative L, error against the reference solution on three benchmark problems, together with the wall-clock time
required to reach the stopping criterion. Lower is better; the best value in each column is set in bold.

Method Burgers Allen-Cahn  Helmholtz Time (s)
Adam [9] 31x1073  24x1072  7.9x1073 412
L-BFGS [13] 26%x1073  1.8x1072  6.4x1073 907

SVRG-PINN [5] 1.7x1073  98x1073  4.1x1073 455
VR-Adapt (ours) 62x10% 33x103 15x1073 438

The corrected estimator improves accuracy on every benchmark, and the margin widens with the stiffness of
the problem: the gain is a factor of five on Burgers but exceeds seven on Allen—Cahn, whose sharp interfaces
produce the largest gradient variance. The overhead of the snapshot evaluation is modest, amounting to roughly
six per cent of total runtime.

(a) Convergence history (b) Accuracy across benchmarks
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Figure 1. (a) Training loss against iteration count for the Allen—Cahn problem, median over five seeds. (b) Relative L,
error on all four benchmarks at an equal wall-clock budget.
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5.3. Ablation study

Removing the variance-reduction correction while retaining the adaptive weighting recovers approximately
sixty per cent of the improvement, whereas removing the weighting alone recovers only thirty per cent. Neither
component is sufficient on its own, which supports the claim that the two mechanisms interact rather than simply
accumulate.

6. Discussion and Conclusion

VR-Adapt targets a specific failure mode: stagnation caused by sampling noise entering the adaptive precon-
ditioner. Where that noise is negligible — for instance on smooth, low-frequency problems with abundant
collocation points — the method reduces to a variant of Adam and offers no advantage. The snapshot evaluation
also imposes a memory cost proportional to the parameter dimension, which may be prohibitive for very large
surrogates.

Three directions appear promising. First, the analysis assumes a fixed collocation distribution; extending it to
adaptive sampling would align the theory with common practice. Second, the logarithmic dependence on the
condition number suggests that operator preconditioning could be folded directly into the update. Third, the
estimator is agnostic to the architecture and could be evaluated on neural operators, where the loss decomposition
differs but the variance problem persists.
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Appendix A. Proof of Theorem 1

By Assumption 1 and the preconditioned update rule, for any inner iterate wy we have

L 2
F(wir1) < F(we) — n(VF(we), H; 'gk) + % HHiflngz' ®)

Taking conditional expectations, using the unbiasedness of the estimator (3), and bounding the preconditioner
spectrum through Assumption 3 gives the per-iteration decrease. Summing over k =0,...,K — 1, telescoping,
and dividing by K yields (4). The contraction property of the snapshot correction, which controls the residual
variance term, follows from the argument of Johnson and Zhang [5, Lemma 3] applied under Assumption 2.
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